Presented here is a nanowire model, consisting of coupled elastic membranes with the purpose of investigating thermal transport in quasi-one-dimensional quantum systems. The vibrations of each elastic membrane are quantized and the flow of the vibrational energy between adjacent membranes is allowed. The ends of the nanowire are attached to thermal baths held at different temperatures. We derived quantum master equation for energy flow across the nanowire and obtained thermal currents and other key observables. We study the effects of a disordered boundary on the thermal current by randomizing the membrane radii. We evaluate the model as a nanowire analogue as well as study the effects of a disordered boundary on thermal conductivity. The calculations show that the membrane lattice model demonstrates diameter phonon confinement and a severe reduction in thermal conductivity due to surface roughness which is characteristic of semiconductor nanowires. The surface roughness also produces a length dependence of the thermal conductivity of the form κ = αL β , with β dependent on disorder characteristics, in the otherwise ballistic regime. Finally, the parameters of the model are fitted to available experimental data for silicon nanowires and the results of the calculations are assessed against the experimental data.
I. INTRODUCTION
Thermal transport in bulk materials is generally well described by Fourier's law J = −κ ▽ T , where the thermal current is driven by the local temperature gradient proportional to the thermal conductivity, κ. The thermal conductivity was considered to be an intrinsic property of material, independent of the geometry the material. However it was shown that for a one dimensional lattice of coupled harmonic oscillators that thermal energy was transported ballistically [1] , like a wave, which is sometimes referred to as "second sound" [2, 3] . Since then it has been shown for low dimensional systems that the thermal conductivity diverged with system length L such that κ ∼ L β , such as disordered harmonic [4, 5] and anharmonic chains [5, 6] , truncated Toda lattices [7] and Fermi-Ulam-Pasta chains [8, 9] .
Semiconductor nanowires have been of interest due to the reduced thermal conductivity that they exhibit in comparison to bulk materials [10] . This presented a theoretical challenge and an opportunity for technological application, particularly for thermo-electric devices [11] . It was shown that the small diameter of silicon nanowires compared to phonon wavelengths reduced the thermal conductivity [10] . Due to large surface to volume ratio of nanowires, thermal conductivity is also significantly affected by the geometry of the surface. In experimental samples where the surfaces is disordered due to etching or corrugation, the thermal conductivity is reduced towards the amorphous limit [12] . The combination of the reduced dimensions and roughness effects led to numerous theoretical works describing the phenomena [13] [14] [15] [16] [17] [18] [19] [20] . The reduction of the thermal conductivity due to surface roughness can reduce the thermal conductivity below Casimir's classical limit where boundary effects dominate thermal characteristics [20] [21] [22] . It was also found, both theoretically [22] and experimentally [23] , that the correlation length of the surface roughness plays a significant role, with shorter correlation lengths being key to reducing the thermal conductivity. Additionally, computer simulations using classical molecular dynamics suggested that nanowire lengths below the phonon mean free path limit phonon-phonon interactions, leading to superdiffusive behaviour and length dependence on thermal conductivity [24] where the thermal conductivity written as a function of the nanowire length κ = αL β was linearly dependent (β = 1) on the system length, up to around 60nm; beyond which the exponent β reduces towards Fourier like behaviour. Recently semi-ballistic phonon transport was confirmed experimentally for silicon nanowires at temperatures around 4K [25] .
The model developed here, constructs a nanowire analogue out of a series of coupled elastic membranes which each have their own (local) vibrational spectrum which depends on the membrane radius. By choosing the size of each individual membrane the surface roughness directly influences the local vibrational spectra of the nanowire. The system is coupled weakly at either end to thermal reservoirs held at different temperatures to drive a thermal flux resulting in a combined system-environment Hamiltonian. In a quantum master equation approach the nanowire is treated as an open quantum system. The application of the sequence of approximations, the Born approximation (keeping terms up to second order for nanowire-environment coupling in the Liouville equation for the reduced density matrix), the Markov approximation (assumption that the correlation functions of the electrodes decay on a time scale much faster than tunneling events) and the rotating wave approximation, leads to a Lindblad master equation. The steady state observables, such as thermal conductivity, are derived analytically using this master equation.
The outline of the paper is as follows. Section II describes the general theory, including the model Hamiltonian, derivation of the quantum master equation and expressions for key physical observables. In section III we applied the theory to study heat transport through model semiconductor nanowires with different types of static surface disorder. Section IV summarizes the main results of the paper.
II. THEORY A. Physical model and Hamiltonian
The undoped semiconductor nanowire conducts heat by phonons and contribution from electron and electronhole degrees of freedom is negligible. To develop a physical model for heat transport, we "slice" the nanowire into thin discs. The width of the disk is assumed to be much smaller than radius of the nanowire and we assume that the disc vibration spectrum can be approximated by the eigen-frequencies of a vibrating thin elastic membrane. The vibration of a thin membrane is, for small displacements, modelled well by the two-dimensional wave equation
Here u(x, y, t) is the displacement of the membrane from its equilibrium position, which assumed to be zero on the surface of nanowire. Here c is a property of the particular nanowire material and its value will be determined later. We use cylindrical coordinates and also assume that the membrane vibrations have radial symmetry, that means u(r, φ, t) = u(r, t). The wave equation becomes
This differential equation is solved by the separation of variables and the solution has the following time dependence u(r, t) ∼ e iλct f (r).
Therefore, the period of vibration is 2π/λc, where c is a parameter which has dimension of velocity. Parameter λ is given through zeros of a Bessel function of the first kind [26] 
where R is the radius of the membrane. The corresponding quantized energy spectrum of elastic membrane is E k = hλ k c/2π = λ k c. Therefore, the quantized Hamiltonian for the individual elastic membrane is
where b † k and b k are bosonic creation and annihilation operators satisfying the standard commutation relations
We introduce coupling between membranes to enable vibrational energy transfer between them. The Hamiltonian of the quantum wire becomes
where α is the membrane index and N is the number of membranes that comprise the wire. We omitted the zero point energy part of this Hamiltonian, since it does not contribute to any quantities we compute. The amplitude for inter-membrane coupling is taken in the form
The physical reasoning behind this choice of the interaction is the following. It describes the transfer of energy between the vibrations of the nearest-neighbour membranes, it is maximal when the membrane vibrational energy levels are in resonance and decays as the energy gap between the vibrational states of interest grows. Value v 0 gives the strength of inter-membrane coupling and parameter q suppresses (for large q) or amplifies (for small q) the resonance-dominated energy transfer. The wire is attached to two thermal baths -macroscopically large ideal gases of phonons with spectra ǫ l and ǫ r held at different temperatures T L and T R , respectively. The Hamiltonians for the thermal baths are
Phonon-exchange interaction between the wire and baths is taken in the energy transfer form
(10) Here the first term describes the vibration quanta transfer between the left bath and the first membrane with amplitude t L and the second term describes the vibration quanta transfer between the last membrane and the right bath with amplitude t R .
B. Canonical transformation from local membrane vibration to wire normal modes
The wire is described by the Hamiltonian which is in bosonic quadratic form:
where the h αk,α ′ k ′ are the matrix elements of the blocktridiagonal Hamiltonian matrix
where
is the primary block diagonal consisting of the diagonal matricies of local vibrational energies E αk , and the upper and lower block diagonals containing the inter-membrane coupling elements v kk ′ . This Hamiltonian is diagonalized by the canonical transformation from initial localized membrane vibrations b † αk to global nanowire normal modes B † s
The transformation is unitary in order to preserve the bosonic commutation relations
If we require that, the transformation matrix satisfies the eigenvalue problem
then the Hamiltonian becomes diagonal in normal mode creation and annihilation operators
The coupling of the wire to the thermal bath is also transformed to normal mode operators
where we introduced the amplitudes for energy transfer between phonons in the thermal bath and nanowire normal modes
C. Quantum master equation for nanowire density matrix and observables
Using the Born-Markov and rotating wave approximations (details of the derivation are given in appendix A) we get a Lindblad type master equation for the nanowire density matrix ρ(t)
The energies of the nanowire normal modes are shifted by the coupling to the left and right baths
by the Lamb shifts (real parts of bath self-energies)
The dissipative part of the density matrix time evolution is governed by the normal mode energy level broadening function (imaginary parts of the baths selfenergies)
. (23) Let us now demonstrate how to use this master equation to compute observables of interest. The average value of an arbitrary operator O at time t is
Differentiating with respect to t gives the equation of motion for a time-dependent expectation value of operator O:
Using (25) we compute various nonequilibrium quantities to characterize properties of the nanowire. We begin with the number of vibrational quanta populating the normal mode s. Substituting the corresponding operator into (25) we get
which gives
This differential equation has the following solution:
If we tend t to infinity, then the nanowire reaches a nonequilibrium steady state regime and the populations of the nanowire normal modes become stationary
Having computed the nonequilibrium population of nanowire normal modes (29) we can easily compute the amount of vibrational energy stored in the nanowire
We define the heat current using the continuity equation for the vibrational energy flow. The energy conservation gives
where J L (J R ) is the energy flowing into the system from the left (right) heat baths. The rate of change of the vibrational energy stored in nanowire is
Comparing (32) with the right hand side of the continuity equation (31), we identify the heat currents for the energy flowing into the wire from the left bath
and from the right bath
In the steady state regime, the current becomes timeindependent and it is given by
and
Therefore, the total heat current is
The expression for heat conductivity is obtained considering the linear response regime. Suppose that the T L = T + ∆T /2 and T R = T − ∆T /2, where ∆T is the temperature difference between left and right ends of the nanowire. Performing Taylor expansion in ∆T
we identify the expression for the proportionality coefficient
(39) Comparing to Fourier's Law in one dimension
where A is the cross-section area of the nanowire and L is its length, we can infer the expression for thermal conductivity is
III. RESULTS
A. Model parameters
For the results found throughout this paper the physically relevant quantities were calculated using molecular units (m.u.), which has energies of kJ/mol, for the numerical component of calculations B4. Additionally for comparison to the experimental data for silicon nanowires there are a number of model parameters to consider. For the individual membranes the mechanical constant c was taken to be the bulk counterpart, the speed of sound in silicon (c = 8433 m/s).
The cut-off for local vibrations K α and the reservoir couplings (B5) were approximated by comparing the model to the experimental data from Li et. al. [10] . The comparison was made by calculating the conductivitytemperature profile for smooth nanowires and varying the cut-off until it provided a good fit across the different diameters, giving preference to better describing low temperatures (less than 150K). Additionally a reference energy of 1.1 kJ/mol is used to ensure that the phonon energies remain positive after diagonalization. The reservoir couplings were found by minimising the mean square residuals between the model and experiment. The resulting couplings are roughly proportional to the cross-sectional area of the nanowires. The choice of preferencing the low temperature fit is due to the lack of temperature dependent effects, particularly thermal expansion. As a result when the phonon transport is saturated the thermal conductivity plateaus whereas in the experimental results temperature dependent effects, such as thermal expansion, begin to dominate changes in the conductivity leading to a falloff in the in the conductivity at high temperatures. As a result of the decisions above we use the following set of fitted parameters in the majority of our calculations (for nanowire with diameter of 37 nm): K α = 3.3 kJ/mol and Γ L = Γ R = 23.1 kJ/mol.
B. Role of disorder (surface roughness)
The surface roughness is introduced as a randomisation of the diameter of a subset of the membranes which make up the nanowire. This randomisation of the diameters change the local vibrational spectrum for each membrane (5) . The radius of each of the membranes is randomized such that
where the ∆R α represents the magnitude of the disorder and R α is the unmodified radius of the nanowire with R ′ α representing the radius of disordered or "etched" nanowire. The disorder ∆R α is achieved by randomly sampling the uniform distribution between 0 and a roughness depth σ. To introduce a tuneable corrugation length into the realisations, each of these membranes are placed half the desired corrugation length apart and the membranes that lie between them are interpolated to produce smoothed corrugations. Finally the membranes which are coupled directly to the driving reservoirs remain unmodified to ensure symmetry in the reservoir couplings B5. Figure 2 shows examples of nanowires generated in this fashion. These realisations illustrate how the corrugation length affects the roughness profile. Throughout this paper for each set of system parameters observables are averaged over 500 realisations of disordered nanowires. The introduction of disorder results in a reduction of the thermal current of up two orders of magnitude with roughness less than half the membrane radius. This reduction is significant for even small amounts of disorder while further increases in disorder have less of an effect. Figure 3 illustrates this behaviour in the decreasing magnitude of the current with increasing disorder in the current-temperature profiles. The results clearly demonstrates the diminishing effect with increasing disorder depth by comparing the thermal current of nanowires at 300K for various roughness depths.
Conversely as can be seen in figure 4 , short corrugation lengths result in a significant reduction in thermal current, with thermal current increasing with corrugation length. This interplay between roughness depth and roughness corrugation length is qualitatively similar to what was observed in experimental results investigating the effects of correlation length on the thermal conductivity of vapour-liquid-solid (VLS) grown nanowires [23] . 
Contributions from individual normal modes
As we discussed in the previous section, the nanowire surface roughness results in an altered temperature profile where the thermal conductivity does not increase with temperature as much as in the smooth nanowires. This behaviour can be explained by looking at the contributions to the thermal current from the individual nanowire normal modes. In comparison to the smooth system, in the disordered systems higher energy phonons contribute less to thermal transport while lower energy levels are saturated leading to a shallower thermal current vs temperature profile. The shift towards lower energy phonons is due to disorder introducing a mismatching of local vibrational energies between neighbouring membranes. Disorder through the randomisation of the radii alters the dispersion of the local vibrational modes (4) . Differences in the dispersion of the local energy spectrum lead to smaller energy differences between the low energy vibrations of neighbouring membranes while at higher energies the mismatch is greater. This mismatch in neighbouring vibrational energies results in a weaker neighbouring coupling (8) and hence lowers transport. Neither regime has an effect on the thermal current for smooth nanowires (without disorder). However the coupling parameters v 0 and q which govern the transition between the two regimes play an important role in determining how strong the effect of disorder on thermal transport in the system and consequently whether the system transports thermal energy in a more ballistic or wave like fashion or more diffusivity akin to Fourier's law. 
C. Length dependence of thermal current
In a system with no disorder in the membrane diameter the system remains in a ballistic regime due to the Hamiltonian (11) which does not have phonon-phonon interactions in the longitudinal direction. The introduction of even a small amount of disorder into the membrane radii reduces the thermal conductivity by an order of magnitude and introduces a length dependence of the form κ ∝ L β or similarly in the thermal current J ∝ L β−1 . This power law behaviour is indicative of disordered 1D lattices which conserve total phonon momentum [4] [5] [6] [7] [8] [9] and in silicon nanowires using molecular dynamic simulations [24] for systems below the phonon mean free path. This is expected as the Hamiltonian (11) lacks an-harmonic phonon-phonon interaction terms and likewise conserves total phonon momentum. However unlike what has been reported previously for 1D momentum conserving systems the magnitude of β is dependent on both the magnitude of the disorder and the corrugation length of the disorder.
In other 1D momentum conserving lattices the power law behaviour is dependent on the nature of the system interactions and reservoir couplings such as in disordered harmonic systems where a value of β = 3/2 was found for free boundary conditions [27] and β = 1/2 for fixed boundary conditions. This is independent of the magnitude or corrugation length of the disorder introduced. For anharmonic systems the power law behaviour is dependent on the nature of the anharmonicity. For example the diatomic Toda lattice has β ≈ 0.35 [7] and the FPU chains exhibit β = 1/3 when anharmonicity is strong. When disorder is more dominant than the anharmonicity the length dependence of the system is similar to the harmonic systems due to disorder suppressing the anharmonicity. In these other 1D systems the power law behaviour has a single characteristic parameter β with regards to disorder whereas in the thin membrane lattice model this behaviour is disorder dependant. From here the magnitude and corrugation length of the disorder as well as the inter-membrane coupling 8 are altered to demonstrate their effect on the power law dependence of the thermal current. The value of β is found using a least squares regression for lines of best fit on the numerical results. In addition to summarising this value, the tables also characterize the root mean squared roughness depth for the realisations. σ 2 is the root mean squared roughness depth. Figure 6 shows the length dependence of the thermal current for a series of D = 37 nm nanowires with different roughness depths but the same roughness corrugation length and coupling parameters. It illustrates how the power law behaviour is affected by the depth of the disorder. With increasing disorder leading to a more pronounced power law dependence of the thermal current. Table I summarizes the results in Figure 6 , quantifying the value of β for lines of best fit. In addition Table as well as the root mean square roughness depth for each set of realisations.
Roughness corrugation length
The roughness corrugation length has a more significant impact on the length dependence of the thermal conductivity than the roughness depth. 
Inter-membrane coupling
The disorder induced length dependence is also influenced by the strength of the inter-membrane coupling (8) with a strong coupling increasing the length dependence. Lowering the parameter q strengthens the coupling between non-equal local vibrational modes and increasing v 0 strengthens inter-membrane coupling generally. Each leading to a decrease in the value of β. Similarly Figure 9 and Table IV characterize the power law length dependence of the thermal conductivity and its relation to the coupling parameter q for D = 37nm nanowires while keeping the same surface roughness (σ = 2), roughness corrugation length (σ L = 4) and coupling strength (v 0 = 0.5). Value of the parameter q (8) indicates the relative importance of resonance and off-resonance energy transfer. Increasing the parameter decreases the effect of energy mismatch between coupled energy levels and in turn decreases the effect that disorder has on the thermal current. Conversely decreasing the coupling parameter increases the energy mismatch and increases the effect of disorder.
Recent advances in the use of graphical processing units for computing have allowed molecular dynamics simulations of silicon nanowires to reach sizes comparable to the sizes in experiments [28] . The simulations show that the thermal conductivity approaches a size independent regime (β = 0) as they increase in size. Our membrane lattice model could suggest that the rate at which the nanowire approaches the size independent regime would depend on the nanowire material, through the inter-membrane coupling and the surface roughness characteristics.
D. Comparison with the experiment
The thermal conductivity of nanowire treated in the proposed model is reduced as the diameter of the nanowire is decreased similar to the experimental results for silicon nanowires [10] . However the temperature profile of the membrane lattice deviates from experimental profiles of silicon nanowires [10] . Several factors contribute to this discrepancy. The model relies on a simplified local vibrational spectrum based on a classical elastic membrane with an introduced vibrational cutoff in a similar vein as a Debye cutoff. This local vibrational spectrum is also not temperature dependent, not accounting for thermal expansion. In the experimental data this leads to a decrease in the thermal conductivity after the initial plateau which occurs between 100K and 150K which is not present in our thin-membrane lattice model. This discrepancy is apparent when comparing to the original experiment by Li et al. [10] and less so when compared to the VLS grown nanowires in [23] which is more subtle in the as grown nanowires. figure 3 . A represents the cross sectional area of the nanowire. Figure 10 shows the fitted curves outlined in Section 3 A on model parameters and compares them to the experimental data from Li et al. [10] which they were fitted to. It also illustrates the discrepancy between the model and experiment at high temperatures. This was due to the simplistic description for the local vibrational modes without taking into account the thermal expansion of the membrane radius. At these higher temperatures where phonon transport is saturated these effects dominate. This discrepancy is the motivating reason for preferencing the low temperature fit when developing the model parameters in section III A. Table V presents a summary of the key parameters of the model which provides the fit to the experimental data and used to generate the model curves in Figure 10 . The table also illustrates that the reservoir couplings are proportional to the cross sectional areas of the nanowires.
IV. CONCLUSION
We have developed a physical model for heat transport in semiconductor nanowires. The nanowire is "sliced" into thin discs and the width of the disk is assumed to be much smaller than radius of the nanowire, therefore the disc vibration spectrum was approximated by the characteristic frequencies of vibrating thin elastic membrane. The left and right ends of the nanowire are attached to two macroscopic thermal baths held at different temperatures. We treated the nanowire as an open quantum system and derived a Lindblad master equation for the nanowire density matrix.
Solving Linblad master equations for smooth and disordered nanowire we obtained key observables such as thermal conductivity coefficient and thermal flux.
The main observations are as follows:
• Thermal current is significantly influenced not only by the nanowire surface disorder but also by the corrugation length of the disordered wire surface. The magnitude and corrugation length both play an important role in determining the magnitude and length dependence of the thermal current. An increase in the roughness depth from σ = 0.25 nm to σ = 3 nm resulted in a 100 m.u. reduction in the thermal current for nanowires at a temperature of T = 100 K. Increasing the corrugation length of the surface roughness from four membranes (σ L = 4) to ten (σ L = 10) showed an increase in the thermal current from J = 75 m.u. to J = 110 m.u. for nanowires at T = 100 K.
• The introduction of disorder does not stop the thermal conductivity from diverging producing the power order length dependence of thermal conductivity κ ∝ L β . The value of β depends on the magnitude as well as corrugation length of the disorder. For, example, introducing a roughness depth of σ = 3 nm changes the ballistic transport regime, β = 1.0, to diffusive transport with significant length dependent thermal conductivity, β = 0.5. For nanowires with a roughness depth the model demonstrated that doubling the corrugation length from four membranes to eight showed an increase in the length dependence parameter from β = 0.74 to β = 0.85.
• The inter-membrane coupling also effects the length dependence of the thermal current. As the introduction of disorder moves the energy levels of neighbouring membranes away from resonance, the inter-membrane coupling determines to what extent off-resonance energy transfer contributes to the thermal current. Changing the value of the hopping parameter v 0 shows a small change in the length dependence of the system; between β = 0.7 and β = 0.84 over a order of magnitude change in v 0 . Whereas in comparison an order of magnitude change in the inter-membrane coupling parameter q results in a change in the length dependence between β = 0.88 and β = 0.51.
• The model is checked against the available experimental date. It is found that the model reproduces some of the qualitative effects of disorder that are present in semiconductor nanowires however the simplifying assumptions of the model limited its ability to reproduce the entire range of experimental results. On one hand the model qualitatively agrees with observations made previously about the interplay between disorder and the lateral length scale of the disorder. While on the other hand, the model does not account for thermal radius expansion and phonon-phonon interactions. This somehow limits its practical use as a predictive model as well as its ability to investigate whether disorder effects the length dependence of the system for nanowires beyond the mean-free path of the phonons.
